n-ary star product: construction and integral representation by Hounkonnou, Mahouton Norbert & Samary, Dine Ousmane
ar
X
iv
:1
40
3.
13
06
v1
  [
ma
th-
ph
]  
6 M
ar 
20
14
n−ary star product: construction and integral
representation
Mahouton Norbert Hounkonnou1† and Dine Ousmane Samary2,1∗
1International Chair in Mathematical Physics and Applications
(ICMPA–UNESCO Chair), 072 B.P. 50 Cotonou, Republic of Benin
2Perimeter Institute for Theoretical Physics
31 Caroline St. N. Waterloo, ON N2L 2Y5, Canada
E-mails: †norbert.hounkonnou@cipma.uac.bj,
∗dsamary@perimeterinstitute.ca
Abstract
This paper addresses a construction of an n−ary star product. Relevant identities are
given. Besides, the formalism is illustrated by a computation of eigenvalues and eigenfunc-
tions for a physical system of coupled oscillators in an n dimensional phase space.
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1 Introduction
Several works were devoted to generalizations of Lie algebras to various types of n-ary algebras.
To cite a few, see the works by Filippov, Hanlon, Vinogradov, Takhtajan and collaborators in
[1]-[2]-[3]. In the same time, and intended to physical applications, the new algebraic structures
were considered in the case of the algebra C∞(M) of functions on a C∞−manifold M , under
the assumption that the operation is a derivation of each entry separately. In this way one
got the Nambu-Poisson brackets, see e.g. [4]. The same versality was observed for generalized
Poisson brackets in [5] (and references therein) providing unexpected algebraic structures on
vector fields, which played an essential role in the construction of universal enveloping algebras
of Filippov algebras (n-Lie algebras). See, for instance, [6] and references therein. For many
other applications, especially to theoretical physics, see a nice and interesting survey of n−ary
analogues of Lie algebras written by Azca´rraga and Izquierdo [7].
This work intends to provide a construction of an n−ary star product, to investigate
some identities related to it, and to give a concrete illustration on a physical system of coupled
oscillators in an n−dimensional phase space.
The paper is organized as follows. In section 2, we focus on the study of a 3−ary star prod-
uct in a 3-dimensional Euclidean space. We prove that the 3−ary star product is distributive,
associative and satisfies the Jacobi identity. We also construct its integral representation which
should likely allow to establish new classes of solvable actions in the context of field theories.
Section 3 is devoted to the generalization of this star product in higher dimension, i. e. for
1
n > 3. In section 4 we provide a simple application of such a star product on a physical system
of coupled oscillators for which the eignenvalues and eigenfunctions are explicitly computed. In
the section 5, we give some concluding remarks.
2 3−ary star product
2.1 Definition and properties
We start by the following definition:
Definition 2.1 Consider x = (x1, x2, x3) ∈ R3. Let σc be the cyclic permutation over the set
{1, 2, 3} such that σc(1) = 2, σc(2) = 3, σc(3) = 1, and A =
(
S
(
R
3
)
, ⋆
)
be the Schwartz space
of (smooth, rapidly decreasing, together with all their derivatives, faster than the reciprocal of
any polynomial at ∞) real valued functions on R3, endowed with a 3-ary star product defined at
a point x as follows:
(
f
g
⋆ h
)
(x) :=m
[
eP(θ1,θ2,θ3)(f ⊗ g ⊗ h)(x)
]
(2.1)
where
P(θ1, θ2, θ3) =
3∑
k=1
iθk
2
(
∂k ⊗ ∂σc(k) ⊗ ∂σc◦σc(k) − ∂k ⊗ ∂σc◦σc(k) ⊗ ∂σc(k)
)
, (2.2)
m(f ⊗ g ⊗ h) = fgh; the parameters θi, i = 1, 2, 3, are real numbers.
The conjugate of
(
f
g
⋆ h
)
(x), denoted by
(
f
g
⋆ h
)
(x) is
(
f
g
⋆ h
)
(x) :=m
[
e−P(θ1,θ2,θ3)(f ⊗ g ⊗ h)(x)
]
. (2.3)
Note that, if the space R3 is the space of position coordinates, then the parameters θi must
be of order of magnitude of the Planck volume, i.e. [θi] = [L
3]. There exist several constructions
of n−ary star products in the literature. For instance in [16], see remark (1.1) where a more
general star product with tensor Θµ1µ2···µn is examined. In (2.2), we adopt a specific choice of Θ
motivated by the fact that the resulting n−ary product has nice properties like the associativity,
the distributivity, a consistent Jacobi identity, and so on. Moreover, it well behaves in concrete
applications like for the example of coupled oscillators exhibited in this work.
Let fi, gi, hi ∈ A, i = 1, 2, 3. The following properties are satisfied for the defined 3−ary
star product:
Property 2.1 (Distributivity) The distributivity of the 3−ary star product (2.1) is given by
the three following relations:
(f1 + f2)
g1
⋆ h1 = f1
g1
⋆ h1 + f2
g1
⋆ h1, (2.4)
f1
(g1+g2)
⋆ h1 = f1
g1
⋆ h1 + f1
g2
⋆ h1, (2.5)
f1
g1
⋆ (h1 + h2) = f1
g1
⋆ h1 + f1
g1
⋆ h2. (2.6)
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Property 2.2 (Associativity) The associativity of the 3−ary star product (2.1) can be defined
as:
(f1
g1
⋆ h1)
g2
⋆ h2 = f1
g1
⋆ (h1
g2
⋆ h2). (2.7)
Besides, it appears natural to define a 3−ary star bracket as below:
Definition 2.2 (3−ary star bracket)
{f, h}⋆,g := f
g
⋆ h− h g⋆ f (2.8)
with the following properties:
Property 2.3 (Skew-symmetry)
{f, h}⋆,g = −{h, f}⋆,g (2.9)
Property 2.4 (Jacobi identity)
{l, {f, h}⋆,g1}⋆,g2 + {l, {f, h}⋆,g2}⋆,g1 + {h, {l, f}⋆,g1}⋆,g2
{h, {l, f}⋆,g2}⋆,g1 + {f, {h, l}⋆,g1}⋆,g2 + {f, {h, l}⋆,g2}⋆,g1 = 0. (2.10)
The proof of the Jacobi identity stems from the relation
{l, {f, h}⋆,g1}⋆,g2 = (l
g2
⋆ f)
g1
⋆ h− (l g2⋆ h) g1⋆ f − (f g1⋆ h) g2⋆ l + (h g1⋆ f) g2⋆ l. (2.11)
A thorough analysis of the defined star product and bracket properties is not concerned here
and will be in the core of a forthcoming work. Let us now sketch some interesting computations
with this star product on the Euclidean coordinates. Indeed, the star composition of functions
in A with coordinate functions gives rise to the following results:
Proposition 2.1 (3−ary star product of two functions in A and one coordinate func-
tion)
xk
f
⋆ g = xkfg +
iθk
2
(
∂σc(k)f∂σc◦σc(k)g − ∂σc◦σc(k)f∂σc(k)g
)
(2.12)
g
xk
⋆ f = xkfg −
iθσc(k)
2
∂σc(k)g∂σc◦σc(k)f +
iθσc◦σc(k)
2
∂σc◦σc(k)g∂σc(k)f (2.13)
f
g
⋆ xk = xkfg +
iθσc(k)
2
∂σc(k)f∂σc◦σc(k)g −
iθσc◦σc(k)
2
∂σc◦σc(k)f∂σc(k)g. (2.14)
Proposition 2.2 (3−ary star product of one function in A and two coordinate func-
tions)
xk
xσc(k)
⋆ f = xkxσc(k)f +
iθk
2
∂σc◦σc(k)f (2.15)
xk
f
⋆ xσc(k) = xkxσc(k)f −
iθk
2
∂σc◦σc(k)f (2.16)
xk
xσc◦σc(k)
⋆ f = xkxσc◦σc(k)f −
iθk
2
∂σc(k)f (2.17)
xk
f
⋆ xσc◦σc(k) = xkxσc◦σc(k)f +
iθk
2
∂σc(k)f. (2.18)
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Therefore the following interesting results hold for a 3−ary star product of any function f ∈ A
with two coordinate functions :
Proposition 2.3 (3−ary star product complex conjugation) Provided (2.1), we have, ∀f ∈
A,
xk
xσc(k)
⋆ f = xk
f
⋆ xσc(k), xk
xσc◦σc(k)
⋆ f = xk
f
⋆ xσc◦σc(k). (2.19)
In opposite, when any two functions f, g ∈ A enter in the 3−ary star product with a unique
coordinate function, the star noncommutativity is clearly expressed, i.e.
xk
g
⋆ f 6= f g⋆ xk, xk
g
⋆ f 6= f g⋆ xk, g
xk
⋆ f 6= f xk⋆ g.
Furthermore, introducing complex variables akl and their conjugate a¯kl by
akl =
xk + ixl√
2
, a¯kl =
xk − ixl√
2
, k, l = 1, 2, 3, l 6= k (2.20)
and using the equations (2.12) (2.13) and (2.14), we establish the relations given in the three
next propositions:
Proposition 2.4 (3−ary star product of two functions in A and one complex coordi-
nate function)
aij
f
⋆ g = aijfg +
iθi
4
(
∂σc(i)f∂σ2c (i)g − ∂σ2c (i)f∂σc(i)g
)
−θj
4
(
∂σc(j)f∂σ2c (j)g − ∂σ2c (j)f∂σc(j)g
)
(2.21)
a¯ij
f
⋆ g = a¯ijfg +
iθi
4
(
∂σc(i)f∂σ2c (i)g − ∂σ2c (i)f∂σc(i)g
)
+
θj
4
(
∂σc(j)f∂σ2c (j)g − ∂σ2c (j)f∂σc(j)g
)
(2.22)
Proposition 2.5 (3−ary star product of two functions in A and one complex coordi-
nate function)
g
f
⋆ aij = aijfg +
iθσc(i)
4
∂σc(i)g∂σ2c (i)f −
iθσ2c (i)
4
∂σ2c (i)g∂σc(i)f
−θσc(j)
4
∂σc(j)g∂σ2c (j)f +
θσ2c (j)
4
∂σ2c (j)g∂σc(j)f (2.23)
g
f
⋆ a¯ij = a¯ijfg +
iθσc(i)
4
∂σc(i)f∂σ2c(i)f −
iθσ2c (i)
4
∂σ2c (i)g∂σc(i)f
+
θσc(j)
4
∂σc(j)g∂σ2c (j)f −
θσ2c (j)
4
∂σ2c (j)g∂σc(j)f (2.24)
Proposition 2.6 (3−ary star product of two functions in A and one complex coordi-
nate function)
f
aij
⋆ g = aijfg −
iθσc(i)
4
∂σc(i)f∂σ2c (i)g +
iθσ2c (i)
4
∂σ2c (i)f∂σc(i)g
+
θσc(j)
4
∂σc(j)f∂σ2c (j)g −
θσ2c (j)
4
∂σ2c (j)f∂σc(j)g (2.25)
f
a¯ij
⋆ g = a¯ijfg −
iθσc(i)
4
∂σc(i)f∂σ2c (i)g +
iθσ2c (i)
4
∂σ2c (i)f∂σc(i)g
−θσc(j)
4
∂σc(j)f∂σ2c (j)g +
θσ2c (j)
4
∂σ2c (j)f∂σc(j)g. (2.26)
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Evidently, any two of these last results cannot be straightforwardly obtained by complex conju-
gation of each other. Indeed, we well get:
aij
f
⋆ g 6= a¯ij
f
⋆ g, g
f
⋆ aij 6= g
f
⋆ a¯ij , aij
f
⋆ g 6= g f⋆ aij , f
aij
⋆ g 6= f a¯ij⋆ g.
2.2 Integral representation
To construct the integral representation of the 3−ary star product (2.1), consider s, x ∈ R3 and
the plane wave function of the form:
exp(isx) = exp[i(s1x1 + s2x2 + s3x3)]. (2.27)
Then, their 3−ary star product gives
eikx
eiqx
⋆ eirx = e
∑3
j=1
θj
2
(
kjqσc(j)rσ2c (j)
−kjqσ2c (j)
rσc(j)
)
+i(k+q+r)x
. (2.28)
Defining the quantity Ωqrj by
Ωqrj = qσc(j)rσ2c (j) − qσ2c (j)rσc(j), (2.29)
which satisfies the conditions
Ωqrj = −Ωrqj , pΩqr = rΩpq = qΩrp, (2.30)
the integral representation of the 3−ary star product of functions can be expressed as follows:
(f
g
⋆ h)(x) =
∫
d3k d3q d3r f˜(k)g˜(q)h˜(r)
(
eikx
eiqx
⋆ eirx
)
=
1
(2π)9
∫
d3k d3q d3r d3y d3z d3t f(y)g(z)h(t)
× e 12
∑
j θjkjΩ
qr
j eik(x−y)eiq(x−z)eir(x−t). (2.31)
It can be simplified, using the identity
∫
d3k eik(x−y−
iθ
2
Ωqr) = (2π)3δ(3)
(
x− y − iθ
2
Ωqr
)
, (2.32)
into the form
(f
g
⋆ h)(x) =
1
(2π)6
∫
d3q d3r d3y d3z d3t f(y)g(z)h(t)
× δ(3)(x− y − i
2
qΩrθ)eiq(x−z)eir(x−t). (2.33)
3 Generalization to n−ary star product
In this section, we deal with the generalization of the 3−ary star product (2.1) into an n−ary
star product.
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Definition 3.1 Consider x = (x1, x2, · · · , xn) ∈ Rn. Let σc be the cyclic permutation over the
set {1, 2, · · · , d}, i.e. σc(k) = k + 1, k + 1 ≤ n, and σc(n) = 1, and let A =
(
S
(
R
n
)
, ⋆
)
be
the Schwartz space of (smooth, rapidly decreasing, together with all their derivatives, faster than
the reciprocal of any polynomial at ∞) real valued functions on Rn, endowed with an n-ary star
product defined at a point x as follows:
⋆ {·, ·, · · · , ·} : A×A× · · · × A︸ ︷︷ ︸
n times
−→ A
(f1, f2, · · · fn) 7−→ ⋆{f1, f2, · · · fn} := ⋆{fi}ni=1 (3.1)
where
⋆{fi}ni=1(x) =m
[
eP(θ1,θ2,··· ,θn)(f1 ⊗ f2 ⊗ · · · ⊗ fn)(x)
]
, (3.2)
m(f1 ⊗ f2 ⊗ · · · ⊗ fn) =
n∏
i=1
fi, (3.3)
and
P(θ1, θ2, · · · , θn) =
n∑
k=1
iθk
2
(
∂k ⊗ ∂σc(k) ⊗ · · · ⊗ ∂σnc (k)
−∂k ⊗ ∂σn−1c (k) ⊗ · · · ⊗ ∂σ1c (k)
)
. (3.4)
For fi, gi ∈ A, i ∈ N, we obtain:
Proposition 3.1 (n−ary star product of functions in A and coordinate functions)
⋆{fi, xp, gj}i=1,···m−1,j=m+1,···n−1 = xp
m−1∏
i=1
fi
n∏
j=m+1
gj
+
iθp−m+1
2
m−1∏
i=1
∂σi−1c (i)fi
n∏
i=m+1
∂σi−1c (i)gi
− iθp+m−n−1
2
m−1∏
i=1
∂σn−i+1c (i)fi
n∏
i=m+1
∂σn−i+1c (i)gi (3.5)
Proposition 3.2 (n−ary star product of functions in A and coordinate functions)
⋆ {fi, xp, gj}i=1,···m−1,j=m+1,···n−1 = xp
m−1∏
i=1
fi
n∏
j=m+1
gj +
iθp−m+1
2
m−1∏
i=1
∂σi−1c (i)fi
n∏
i=m+1
∂σi−1c (i)gi
− iθp+m−n−1
2
m−1∏
i=1
∂σn−i+1c (i)fi
n∏
i=m+1
∂σn−i+1c (i)gi. (3.6)
Therefore, for p, q ∈ {1, 2, · · · , n}, these relations show that any two of them cannot be
given by complex conjugation. In fact, we have:
⋆{apq, fi}i=1,··· ,n−1 6= ⋆{a¯pq, fi}i=1,··· ,n−1,
⋆{fi, apq}i=1,··· ,n−1 6= ⋆{fi, a¯pq}i=1,··· ,n−1
6
⋆{fi, apq, gj}i=1,···m−1,j=m+1,···n−1 6= ⋆{fi, a¯pq, gj}i=1,···m−1,j=m+1,···n−1.
The n−ary star product integral representation, for n arbitrary points, can be also computed
by the same method as in the previous section 3. By considering the plane wave functions
eisx = ei(s1x1+···+snxn), s, x ∈ Rn, (3.7)
the following result can be proved:
Proposition 3.3 (n−ary star product integral representation)
⋆ {fi}ni=1(x) =
1
(2π)2n
∫ n−1∏
j=1
dnqj
n∏
j=1
dnyj f(yj)δ
(n)(x− y − i
2
qΩrθ)
n−1∏
j=1
eiq(x−yj). (3.8)
4 Application
Consider a physical system described by the Hamiltonian model:
H =
n∑
j=1
x2j +
n∑
i<j=1
(ǫijλijxixj) +
n∑
i<j<k<l=1
(ǫijklλijkxixjxkxl) + · · ·
+
n∑
i1<i2<···<in=1
(ǫi1i2···inλi1···inxi1xi2 · · · xik) (4.1)
where λi1···ik , k ≤ n, are the coupling constants and ǫi1i2···ik the Levi-Civita tensor of rank k;
k = n if n is even and n − 1 if n is odd. Using the orthogonal transformation R such that
Rklxl = Xk, the Hamiltonian (4.1) can be re-expressed in the new coordinates X as follows:
H =
n∑
i=1
λ
(0)
i X
2
i +
n∑
i=1
λ
(2)
i X
4
i + · · · (4.2)
allowing a re-formulation in terms of previous quantities aij and a¯ij, defined in (2.20), as follows:
H =
n∑
i,j=1,i 6=j
n−1∑
p=0
(
λ
(2p)
i aij a¯ij
)p+1
. (4.3)
For ψmk ∈ A, the eigenvalue problem is given by the system of equations:
⋆{H,ψm1 , · · · , ψmn−1} = E1,n¯
[
⋆ {1, ψm1 , · · · , ψmn−1}
]
(4.4)
⋆{ψm1 ,H, ψm2 , · · · , ψmn−1} = E2,n¯
[
⋆ {ψm1 , 1, ψm2 , · · · , ψmn−1}
]
(4.5)
...
⋆{ψm1 , ψm2 , · · · , ψmn−1,H} = En,n¯
[
⋆ {ψm1 , ψm2 , · · · , ψmn−1, 1}
]
. (4.6)
n¯ ∈ Nn is a n-vector characterizing the quantum number associated to the Hamiltonian (4.1)
while ψmj , j = 1, 2, · · · n − 1; m = 1, 2, · · · n, are the eigenstates diagonalizing it. The ground
state satisfies the equation
⋆ {aij , ψ01 , · · · , ψ0n−1} = 0 (4.7)
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which can be explicitly solved to give:
ψ0k = Ce
−|x|2/2Hk(|x|2/2)f(λk, |x|), C ∈ R (4.8)
where Hk is the Hermite polynomial; the functions f(λk, |x|) := fk are orthogonal with the
orthogonality condition
⋆ {fk1 , fk2 , · · · fkn} = C ′δk1k2δk2k3 · · · δkn−1kn ; C ′ = Cn ∈ R. (4.9)
The case where fk = 1, ∀k = 1, 2, · · · n, is solution of relation (4.9).
The excited states can be computed by using the well-known harmonic oscillator algebraic
method performed with the raising operator, acting here as follows:
⋆ {a¯ij , ψ01 , · · · , ψ0n−1} = f1(n)
(
⋆ {1, ψ11 , · · · , ψ1n−1}
)
, (4.10)
where f1(n) is a function depending on the parameter n.
There result the following expressions for the eigenvalues and eigenfunctions characterizing
the considered physical model:
Ek,n¯ = θk
(
λ
(0)
k |n¯|+
n∑
i=1
λ
(k)
i |n¯|2 +
n∑
i,j=1
λ
(k)
i λ
(k)
j |n¯|3 + · · · +
n
2
)
(4.11)
and
ψnk = Ce
−|x|2/2H
|n|
k (|x|2/2)f(λk, |x|). (4.12)
H
|n|
k stands for the (n, k)-order Hermite polynomial.
5 Concluding remarks
In this work, we have given a method of constructing an n−ary star product. Relevant identities
have been provided and discussed. A physical problem of coupled oscillators has been treated.
The associated eigenvalues and eigenfunctions have been explicitly computed.
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